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ABSTRACT
In this paper we consider the stationary force-free magnetosphere of an aligned rotator when
the plasma in the open field-line region rotates differentially as a result of the presence of a
zone with an accelerating electric field in the polar cap of the pulsar. We study the impact
of differential rotation on the current density distribution in the magnetosphere. Using the
split-monopole approximation we obtain analytical expressions for the physical parameters
of the differentially rotating magnetosphere. We find the range of admitted current density
distributions under the requirement that the potential drop in the polar cap is less than the
vacuum potential drop. We show that the current density distribution could deviate significantly
from the ‘classical’ Michel distribution and could be made almost constant over the polar cap,
even when the potential drop in the accelerating zone is of the order of 10 per cent of the
vacuum potential drop. We argue that the differential rotation of the open magnetic field lines
could play an important role in adjusting the current density between the magnetosphere and
the polar-cap cascade zone and could affect the value of the pulsar braking index.
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1 I N T RO D U C T I O N

The physics of radiopulsars is still not fully understood, despite the
substantial efforts of many theoreticians in the field. It is generally
assumed that a radiopulsar has an MHD-like magnetosphere that is
very close to being force-free, except in some geometrically small
regions – the model first introduced by Goldreich & Julian (1969).
For many years the solution of force-free MHD equations was a
problem, even for the simplest case of an aligned pulsar. Now, how-
ever, it is possible to solve the Grad–Shafranov equation describ-
ing the structure of a force-free magnetosphere of an aligned pulsar
(see e.g. Contopoulos, Kazanas & Fendt 1999; Goodwin et al. 2004;
Gruzinov 2005; Timokhin 2006). Stationary magnetosphere config-
urations for an aligned rotator were also obtained as the final stage
in non-stationary numerical modelling (Komissarov 2006; McKin-
ney 2006; Bucciantini et al. 2006; Spitkovsky 2006). Even the case
of an inclined rotator has been studied numerically (Spitkovsky
2006). The pulsar magnetosphere is a very complicated physical
system, however, because most of the current carriers (electrons
and positrons) are produced inside the system, in the polar-cap cas-
cades. The production of electron–positron pairs is a process with
a threshold, so it can operate only under specific conditions, and,
generally speaking, not every current density can flow through the
cascade zone.

�E-mail: atim@sai.msu.ru

In magnetohydrodynamics (MHD), the current density distribu-
tion is not a free ‘parameter’; it is obtained in the course of solving
the MHD equations. In the case of pulsars, however, obtaining a so-
lution for the MHD equations does not solve the problem, because it
is possible that the polar-cap cascade zone will not be able to provide
the required current density distribution, and, hence, will be unable
to support the configuration of the magnetosphere corresponding to
the solution of the MHD equations. In terms of MHD, the polar-cap
cascade zone sets complicated boundary conditions at the foot points
of the open magnetic field lines, and any self-consistent solution of
the problem must match them. The most ‘natural’ configuration of
the magnetosphere of an aligned rotator, in which the last closed
field line extends up to the light cylinder, requires a current density
distribution that could not be supported by stationary electromag-
netic cascades in the polar cap of the pulsar (see Timokhin 2006,
hereafter Paper I). This configuration requires that in some parts of
the polar cap the electric current flows against the preferred direc-
tion of the accelerating electric field. This configuration also seems
to be impossible for non-stationary cascades, although this problem
requires further careful investigation (Fawley 1978; Al’Ber, Kro-
tova & Eidman 1975; Levinson et al. 2005). The structure of the
magnetosphere should thus be different from this simple picture.
The magnetosphere of a pulsar should have a configuration with
a current density distribution that can flow through the polar-cap
cascade zone without the suppression of electron–positron pair cre-
ation. Whether such a configuration exists is an open question; in
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other words, the possibility that the real pulsar magnetosphere has
large domains where the MHD approximation is broken cannot be
completely excluded (see e.g. Arons 1979; Michel 1991).

As the pulsar magnetosphere and the polar-cap cascade zone have
very different characteristic time-scales, it is virtually impossible to
model the whole system at once. These physical systems should
therefore be modelled separately, and the whole set of solutions for
each system should be found in order to find compatible ones. We
thus suggest the following approach to the construction of the pulsar
magnetosphere model: determine which currents could flow through
the force-free pulsar magnetosphere, and then compare them with
the currents able to flow through the polar-cap cascade zone. In this
work we deal with the first part of this suggested ‘program’: we
consider the range of possible current density distributions in the
force-free magnetosphere of an aligned rotator.

The force-free magnetosphere of an aligned rotator is the simplest
possible case of an MHD-like pulsar magnetosphere and needs to
be the first to be investigated. This system has two physical de-
grees of freedom: (i) the size of the closed field line zone, and (ii)
the distribution of the angular velocity of the open magnetic field
lines. In each stationary configuration the current density distribu-
tion is fixed. Considering different configurations by changing (i)
and (ii) and keeping them in a reasonable range, the whole set of
admitted current density distributions can be found. The differen-
tial rotation of the open field lines is caused by variation of the
accelerating electric potential in the cascade zone across the po-
lar cap. Theories of stationary polar-cap cascades predict a small
potential drop, and in this case only one degree of freedom is left
– the size of the zone with closed magnetic field lines. This case
was studied in detail in Paper I, with the finding that stationary
polar-cap cascades are incompatible with a stationary force-free
magnetosphere. The polar-cap cascades therefore probably operate
in the non-stationary regime. For non-stationary cascades the aver-
age potential drop in the accelerating zone could be larger than the
drop maintained by stationary cascades. Hence, the open magnetic
field lines may rotate with significantly different angular veloci-
ties even in the magnetospheres of young pulsars. On the other
hand, for old pulsars the potential drop in the cascade zone is large,
and the magnetospheres of such pulsars should rotate essentially
differentially.

The case of a differentially rotating pulsar magnetosphere has
not been investigated in detail before, although some authors have
addressed the case in which the open magnetic field lines rotate with
a constant angular velocity different from that of the neutron star
(NS), see e.g. Beskin, Gurevich & Istomin (1993) and Contopoulos
(2005). The first attempt to construct a self-consistent model of a
pulsar magnetosphere with a differentially rotating open field line
zone was made in Timokhin 2007, hereafter Paper II. In that paper
we considered only the case for which the angular velocity of the
open field lines is lower than the angular velocity of the NS. We
have shown that the current density can be made almost constant
over the polar cap, although at a cost of a large potential drop in the
accelerating zone. The angular velocity distributions was chosen on
an ad hoc basis, and an analysis of the admitted range for current
density distributions was not performed.

In this paper we discuss the properties of the differentially rotat-
ing magnetosphere of an aligned rotator in general, and elaborate
the limits on the differential rotation. We study in detail the case in
which the current density in the polar cap is a linear function of the
magnetic flux. It allows us to obtain the main relationships analyt-
ically. We find the range within which the physical parameters of
the magnetosphere could vary, requiring that (i) the potential drop

in the polar cap is not greater than the vacuum potential drop, and
(ii) the current in the polar cap does not change its direction.

The plan of the paper is as follows. In Section 2 we discuss the
basic properties of the differentially rotating force-free magneto-
sphere of an aligned rotator and derive equations for the angular
velocity distribution, the current density, and the Goldreich–Julian
charge density in the magnetosphere. In Section 3 we derive equa-
tions for the potential drop that supports configurations with a linear
current density distribution in the polar cap of the pulsar and give
their general solutions. In Section 4 we analyse the physical proper-
ties of admitted magnetosphere configurations: the current density
distribution, the maximum potential drop, the angular velocity of
the open magnetic field lines, the Goldreich–Julian current density,
the spindown rate and the total energy of the magnetosphere. At the
end of that section we consider as examples two sets of solutions,
one with constant current densities and the other with the smallest
potential drops. In Section 5 we summarize the results, discuss the
limitations of the used approximation, and briefly describe possi-
ble modifications of the obtained solutions that will arise in truly
self-consistent models. In that section we also discuss how the dif-
ferential rotation affects the value of the pulsar braking index.

2 D I F F E R E N T I A L LY ROTAT I N G
M AG N E TO S P H E R E : BA S I C P RO P E RT I E S

2.1 Pulsar equation

Here, as in Papers I and II, we consider the magnetosphere of an
aligned rotator that is at the coordinate origin and has a dipolar mag-
netic field. We use normalizations similar1 to the ones in Paper I,
but now we write all equations in the spherical coordinates (r, θ ,
φ). We normalize all distances to the light-cylinder radius of the
corotating magnetosphere RLC ≡ c/�, where � is the angular ve-
locity of the NS, and c is the speed of light. For the axisymmetric
case considered, the magnetic field can be expressed through the
two dimensionless scalar functions � and S as (cf. equation 8 in
Paper I)

B = µ

R3
LC

∇� × eφ + Seφ
r sin θ

, (1)

where eφ is the unit azimuthal, toroidal vector; µ = B0R3
NS/2 is the

magnetic moment of the NS; B0 is the magnetic field strength at the
magnetic pole; and RNS is the radius of the NS. The scalar function
� is related to the magnetic flux as 
mag(� , Z) = 2π(µ/RLC) �

(r, θ ). 
mag is the magnetic flux through a circle of radius � =
r sin θ with its centre at the point on the rotation axis at a distance
Z = r cos θ from the NS. The lines of constant � coincide with
the magnetic field lines. The scalar function S is related to the to-
tal current J outflowing through the same circle by the equation
J(� , Z) = 1/2(µ/R2

LC) c S(r, θ ).
The electric field in the force-free magnetosphere is given by

E = − µ

R3
LC

β ∇�, (2)

where β is the ratio of the angular velocity of the rotation of the
magnetic field lines, �F, to the angular velocity of the NS: β ≡�F/�

(cf. equation 14 in Paper I). The difference between the angular
velocity of a magnetic field line and the angular velocity of the NS
is caused by a potential drop along the field line in the polar-cap
acceleration zone.

1Note that here, in contrast to in Paper I, � is already dimensionless.
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For these dimensionless functions the equation describing the
stationary force-free magnetosphere, the so-called pulsar equa-
tion (Michel 1973a; Scharlemann & Wagoner 1973; Okamoto
1974), takes the form (cf. equation 20 in Paper I)

[1 − (βr sin θ )2]� − 2

r

(
∂r� + cos θ

sin θ

∂θ�

r

)

+ S
dS

d�
− β

dβ

d�
(r sin θ ∇�)2 = 0. (3)

This equation express the force balance across the magnetic field
lines. At the light cylinder 1 − (βr sinθ )2 goes to zero and the pulsar
equation reduces to

S
dS

d�
= 1

β

dβ

d�
(∇�)2 + 2β sin θ (∂r� + β cos θ ∂θ�) . (4)

Each smooth solution must satisfy these two equations, and the
problem of solving the pulsar equations transforms to an eigenfunc-
tion problem for the poloidal current function S (see, for example,
section 2.3 in Paper I). Equation (4) could also be considered as an
equation for the poloidal current.

We adopt for the magnetosphere the configuration with the so-
called Y-null point. That is, we assume that the magnetosphere is
divided into two zones, the first one with closed magnetic field
lines, which extend from the NS up to the neutral point, located
at a distance x0 from the NS, and the second one with magnetic
field lines that are open and extend to infinity (see Fig. 1). In the
closed magnetic field line zone, plasma corotates with the NS, there
is no poloidal current along field lines, and the magnetic field lines

Figure 1. Structure of the magnetosphere of an aligned rotator (schematic
picture). Magnetic field lines are shown by solid lines. The outflowing cur-
rent J along open magnetic field lines and the returning current Jreturn in
the current sheet, separating zones of open and closed magnetic field lines,
are indicated by arrows. The current sheet is along the last open magnetic
field line, corresponding to the value of the flux function �pc. Distances are
measured in units of the light-cylinder radius for the corotating magneto-
sphere RLC, i.e. the point at x = 1 marks the position of the light cylinder in
the corotating magnetosphere. The null point x0 could lie anywhere inside
the interval [0, 1]. Possible positions of the real light cylinder are shown
by dotted lines. Line I corresponds to the case with 1/β(�pc) < x0; line II,
to x0 < 1/β(�pc) < 1; and line III, to 1 < 1/β(�pc) (see text for further
details).

there are equipotential. Obviously this zone cannot extend beyond
the light cylinder. In the rest of the magnetosphere, magnetic field
lines are open owing to the poloidal current produced by outflowing
charged particles. The return current, needed to keep the NS charge
neutral, flows in a thin region (current sheet) along the equatorial
plane and then along the last open magnetic field line. We assume
that this picture is stationary on the time-scale of the order of the
period of rotation of the NS. As was outlined in Paper I, the polar-cap
cascades in pulsars are probably non-stationary. The characteristic
time-scale of the polar-cap cascades, ∼ h/c ∼ 3 × 10−5 s (where
h is the length of the acceleration zone, being of the order of RNS),
is much shorter that the pulsar period (which for most pulsars is

10−3 s). So, for the global magnetosphere structure only the time
averages of the physical parameters connected to the cascade zone
are important. In the rest of the paper, when we discuss physical
parameters set by the cascade zone we will always mean the average
values of them, unless explicitly stated otherwise.

The differential rotation of the open magnetic field lines that is
caused by the presence of a zone with an accelerating electric field
in the polar cap of a pulsar (i) contributes to the force balance across
the magnetic field lines (the last term in equation 3), (ii) modifies
the current density in the magnetosphere (the first term on the right-
hand side of equation 4), and (iii) changes the position of the light
cylinder, where condition (4) must be satisfied. Note that for (i) and
(ii) the derivative dβ/d�, i.e. the form of the distribution β(�),
plays an important role. Therefore for different angular velocity
distributions in the open magnetic field line zone there should exist
different magnetosphere configurations that have in general distinct
current density distributions. Let us now consider restrictions on the
differential rotation rate β(�).

2.2 Angular velocity of the open magnetic field lines

As a result of the rotation of the NS a large potential difference
arises between the magnetic field-line foot points on the surface of
the NS. The potential difference between the pole and the magnetic
field line corresponding to the value of the magnetic flux function
� is

V(�) = µ

R2
LC

�. (5)

In a perfectly force-free magnetosphere the magnetic field lines are
equipotential. Owing to the presence of the polar-cap acceleration
zone, where MHD conditions are not satisfied, however, part of this
potential difference appears as a potential drop between the surface
of the NS and the pair-formation front, above which the magnetic
field line remains equipotential. This potential drop is the reason
why the open magnetic field lines rotate differently from the NS. The
normalized angular velocity of a magnetic field line β is expressed
through the potential drop along the field line as (e.g. Beskin 2005,
Paper I)

β = 1 + R2
LC

µ

∂V (�)

∂�
. (6)

V is the total potential drop (in statvolts) along the magnetic field
line in the polar-cap acceleration zone (cf. equation 23 in Paper I).

The polar cap of a pulsar is limited by the magnetic field line
corresponding to a value of the flux function �pc. The potential
drop between the rotation axis and the boundary of the polar cap is

V(�pc) = µ

R2
LC

�pc ≡ Vpc. (7)

This is the maximum available potential drop along an open mag-
netic field line. It could be achieved in a vacuum, when there is no
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plasma in the polar cap. We will call Vpc the vacuum potential
drop. Let us normalize the poloidal flux function � to its value at
the last open magnetic field line �pc and introduce a new function
ψ ≡ �/�pc. Normalizing the potential drop along field lines to the
vacuum potential drop and introducing the dimensionless function
V ≡ V/Vpc, we rewrite the expression for the normalized angular
velocity of the open magnetic field line as

β = 1 + ∂V

∂ψ
. (8)

As the potential drop along any field line cannot be greater than the
vacuum drop and cannot have a different sign from the vacuum drop,
the variation of the electric potential across the polar cap cannot
exceed the vacuum potential drop. In terms of the dimensionless
functions this condition has the form

|V (ψ1) − V (ψ2)| � 1, ∀ ψ1, ψ2 ∈ [0, 1]. (9)

The inequality (9) sets the limit on the electric potential in the polar
cap of a pulsar.

2.3 Current density in the polar cap

In order to obtain the current density distribution in the polar cap of
a pulsar, the pulsar equation (3) together with the condition at the
light cylinder (4) must be solved. There is an analytical solution of
the pulsar equation only for a split-monopole configuration of the
poloidal magnetic field. That is, when the flux function � has the
form

� = �M(1 − cos θ ), (10)

�M being a constant, equations (3) and (4) have a smooth solution
if the poloidal current function S has the form (e.g. Blandford &
Znajek 1977)

S(�) = −β(�) �

(
2 − �

�M

)
. (11)

Here �M corresponds to the value of the magnetic flux through the
upper hemisphere, i.e. it corresponds to the magnetic field line lying
in the equatorial plane. The poloidal current given by equation (11)
is very similar to the current in the well-known Michel solution
(Michel 1973b), but this expression is valid for non-constant β(�)
too.

In this paper we will use expression (11) for the poloidal current
function S. In doing so, we assume that in the neighbourhood of the
light cylinder the geometry of the poloidal magnetic field is close
to a split monopole. This is a good approximation if the size of
the closed magnetic field-line zone is much smaller than the light-
cylinder size, i.e. x0 � 1/β(ψ), ψ < 1. For configurations in which
the edge of the corotating zone2 approaches the light cylinder, the
poloidal current S is different from that given by equation (11), but
we expect that this deviation should not exceed 10–20 per cent.
Indeed, in the numerical simulations described in Paper I, where
the case of constant β ≡ 1 was considered, the deviation of S from
Michel’s poloidal current did not exceed 20 per cent and it became
smaller for smaller sizes of the corotating zone (see fig. 3 in Paper I).
Similarly, in Paper II, in which we considered the case of variable
β < 1, the poloidal current deviated from the values given by the
analytical formula (11) by less than 20 per cent and the difference
became smaller for smaller sizes of the corotating zone. We may

2Plasma in the closed field-line zone corotates with the NS, so we will call
the region with the closed magnetic field lines the corotating zone.

therefore hope that the same relationship holds in the general case
too.

We intend to find the range of admitted current density distri-
butions in the force-free magnetosphere. Here we use the split-
monopole approximation for the poloidal current (11), and hence
we can study the effect of only the differential rotation on the current
density distribution. The dependence of the current density on the
size of the corotating zone in a differentially rotating magnetosphere
will be addressed in a subsequent paper, in which we will refine our
results by performing numerical simulations for different sizes of
the corotating zone.

Thus in our approximation the last closed field line in the dipole
geometry corresponds to the field line lying in the equatorial plane
in the monopole geometry, i.e. �M = �pc. In normalized variables,
the expression for the poloidal current has the form

S(�) = −�pc β(ψ) ψ(2 − ψ). (12)

The poloidal current density in the magnetosphere is (see e.g. Beskin
2005)

jpol = c

4π

µ

R4
LC

∇S × eφ
r sin θ

= �Bpol

2πc
c

1

2

dS

d�
. (13)

In the polar cap of the pulsar the magnetic field is dipolar and, hence,
poloidal. The Goldreich–Julian charge density for the corotating
magnetosphere near the NS is

ρ0
GJ = −Ω · B

2πc
. (14)

Using expressions (12)–(14) we obtain for the current density in the
polar cap of the pulsar

j = 1

2
j0
GJ

[
2β(1 − ψ) + β ′ψ(2 − ψ)

]
. (15)

The prime denotes differentiation with respect to ψ , i.e. β ′ ≡
dβ/dψ ; and j0

GJ ≡ ρ0
GJ c is the Goldreich–Julian current density

in the polar cap for the corotating magnetosphere. At the surface of
the NS, where the potential drop is zero and the plasma corotates
with the NS, j0

GJ corresponds to the local GJ current density.

2.4 Goldreich–Julian charge density in the polar cap for a
differentially rotating magnetosphere

The Goldreich–Julian (GJ) charge density is the charge density that
supports the force-free electric field:

ρGJ ≡ 1

4π
∇ · E. (16)

The GJ charge density at points along a magnetic field line rotating
with an angular velocity different from the angular velocity of the NS
will be different from the values given by equation (14). Substituting
the expression for the force-free electric field (2) into equation (16)
we obtain

ρGJ = − µ

4πR4
LC

(β� + β ′(∇�)2). (17)

We see that the GJ charge density depends not only on the angular
velocity of the field-line rotation (the first term in equation 17), but
also on the angular velocity profile (the second term in equation 17).

Near the NS the magnetic field is essentially dipolar. The magnetic
flux function � for a dipolar magnetic field is

�dip = sin2 θ

r
. (18)
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Substituting this expression into equation (17) we obtain

ρGJ = − µ

4πR4
LC

1

r 3

×
(

β 2(3 cos2 θ − 1) + β ′ sin2 θ

r
(3 cos2 θ + 1)

)
. (19)

In the polar cap of the pulsar cos θ � 1 and µ/(rRLC)3 � B/2.
Recalling the expression for the magnetic flux function for a dipolar
magnetic field (18), we obtain for the local GJ charge density in the
polar cap of the pulsar the expression

ρGJ = ρ0
GJ (β + β ′ψ). (20)

3 AC C E L E R AT I N G P OT E N T I A L

In our approximation, any current density distribution in the force-
free magnetosphere of an aligned rotator has the form given by
equation (15). The current density depends on the angular velocity of
the magnetic field lines β(ψ), which for a given field line depends on
the total potential drop along that line according to equation (8). The
potential drop in the acceleration zone cannot exceed the vacuum
potential drop, i.e. V is limited by inequality (9).

Therefore, if we wish to find the accelerating potential that sup-
ports a force-free configuration of the magnetosphere for a given
form of the current density distribution3 in the polar cap we do the
following. We equate the expression for the current density distribu-
tion to the general expression for the current density (15), and then
express β(ψ) in terms of V(ψ) by means of equation (8), thus obtain-
ing an equation for the electric potential V that supports a force-free
magnetosphere configuration with the desired current density dis-
tribution. If solutions of the obtained equation fulfil limitation (9),
such a configuration is admitted; if not, such a current density could
not flow in the force-free magnetosphere of an aligned pulsar. At
present there is no detailed model for non-stationary polar-cap cas-
cades from which we could deduce reasonable shapes for the current
density distribution. We therefore try to set constrains on the current
density by assuming the linear dependence of the current density on
ψ .

In a differentially rotating magnetosphere there are two character-
istic current densities. The first one is the Goldreich–Julian current
density for the corotating magnetosphere, j0

GJ. It corresponds to the
actual Goldreich–Julian current density in the magnetosphere at the
NS surface, where differential rotation has not yet been built up. The
second characteristic current density is the actual Goldreich–Julian
current density, jGJ, at points above the acceleration zone, where the
magnetosphere is already force-free and the final form of the differ-
ential rotation is established; in the polar cap jGJ is given by formula
(20). For a magnetosphere with a strong differential rotation, the
current densities j0

GJ and jGJ differ significantly. In this section we
consider both cases; that is, when the current density distribution is
normalized to j0

GJ and when it is normalized to jGJ.

3.1 Outflow with the current density being a constant fraction
of the actual Goldreich–Julian current density

For non-stationary cascades the physics is determined by the re-
sponse of the cascade zone to the inflowing particles and MHD
waves coming from the magnetosphere. However, the accelerating
electric field depends on the deviation of the charge density from

3Guessed from a model for the polar-cap cascades, for example.

the local value of the GJ charge density. Thus the first naive guess
would be that the preferred state of the cascade zone would be the
state in which (on average) the current density is equal to the GJ
current density jGJ:

j(ψ) = jGJ(ψ) = j0
GJ (β + β ′ψ). (21)

Equating this formula to the general expression for the current den-
sity (15) and substituting for β with expression (8), we obtain after
algebraical manipulation the equation for the accelerating electric
potential in the polar cap of the pulsar:

V ′′ = −2
1 + V ′

ψ
. (22)

We set the boundary conditions for V at the edge of the polar cap.
As the boundary conditions we can use the value of the normalized
angular velocity at the edge of the polar cap and the value of the
electric potential there:

1 + V ′(1) = βpc, (23)

V (1) = V0. (24)

The solution of equation (22) satisfying the boundary conditions
(24), (23) is

V (ψ) = V0 + (1 − ψ)

(
1 − βpc

ψ

)
. (25)

We see that, unless βpc = 0, the potential has a singularity on the
rotation axis, and, hence, such a configuration cannot be realized in
the force-free magnetosphere of a pulsar. Condition (9) is violated
– the potential difference exceeds the vacuum potential drop.

If βpc = 0, the potential is V = V0 + 1 − ψ , and from equation (8)
we have β(ψ) ≡ 0. Substituting this into equation (15) we obtain
for the current density j(ψ) ≡ 0. Thus the case with βpc = 0 is
degenerate: as there is no poloidal current in the magnetosphere, it
corresponds to the vacuum solution.

Let us now consider a more general form for the current density
distribution:

j(ψ) = AjGJ(ψ) = Aj0
GJ (β + β ′ψ), (26)

where A is a constant. In this case for the accelerating electric po-
tential in the polar cap of the pulsar we have the equation

V ′′ = 2(1 + V ′)
1 − A − ψ

ψ [ψ + 2(A − 1)]
. (27)

For the same boundary conditions (24), (23), the solution of this
equation is

V (ψ) = V0 + 1 − ψ + βpc(2A − 1)

2(A − 1)
log

[
ψ(2A − 1)

ψ + 2(A − 1)

]
.

(28)

This solution is valid for A �= 1, 1/2. There is the same problem
as above with the electric potential in this solution. Namely, unless
βpc = 0 the potential V is singular4 on the rotation axis. The case
with A = 1/2 is also degenerate, because in that case the solution
for the electric potential is V(ψ) = V0 + 1 − ψ , which yields the
current density j(ψ) ≡ 0.

We see that solutions in which the current density is a constant
fraction of the actual GJ current density are not allowed, except
for a trivial degenerate case, corresponding to no net particle flow.

4The singularity arises because V ′ ′(0) goes to infinity unless 1 + V ′(0) =
β(0) is zero, as follows from equation (27).
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The naive physical picture does not work, and the current density
in the magnetosphere in terms of the actual GJ current density must
vary across the polar cap. On the other hand, the GJ current density
is itself a variable function across the polar cap; it also changes
with altitude within the acceleration zone, where the potential drop
increases until it reaches its final value. We therefore find it more
convenient to consider the current density in terms of the corotational
GJ current density.

3.2 Outflow with the current density as a linear function of the
magnetic flux in terms of the corotational Goldreich–Julian
current density

In models with space charge-limited flow (SCLF), in which charged
particles can freely escape from the NS surface (e.g. Scharlemann,
Arons & Fawley 1978), the charge density at the NS surface is always
equal to the local GJ charge density there, i.e. (ρ = ρ0

GJ)|r=RNS . For
SCLF, the actual current density in the polar cap could be less than
j0
GJ if the acceleration of the particles is periodically blocked in the

non-stationary cascades. The current density could be greater than
j0
GJ if there is an inflow of particles having an opposite charge to that

of the GJ charge density from the magnetosphere into the cascade
zone (e.g. Lyubarskij 1992). Therefore, an expression for the current
density in terms of the corotational GJ current density j0

GJ would be
more informative from the point of view of the cascade physics than
an expression in terms of the local GJ current density jGJ.

Let us consider the case in which the current density distribution
in the polar cap of the pulsar has the form

j = j0
GJ(aψ + b), (29)

where a, b are constants. The Michel current density distribution is
a particular case of this formula and corresponds to the values a =
−1, b = 1. The equation for the electric potential for this current
density is

V ′′ = 2
aψ + b − (1 + V ′)(1 − ψ)

ψ(2 − ψ)
. (30)

The solution of equation (30) satisfying the boundary conditions
(24), (23) is

V (ψ) = V 0 + (1 + a)(1 − ψ)

+1

2
log[(2 − ψ)−βpc−3a−2bψβpc−a−2b]. (31)

We see that the potential is non-singular on the rotation axis if βpc =
a + 2b. The admitted solution for the electric potential is therefore

V (ψ) = V 0 + (1 + a)(1 − ψ) − 2(a + b) log(2 − ψ). (32)

In the rest of the paper we will use expression (32) for the elec-
tric potential. We will analyse the physical properties of force-free
magnetosphere configurations when the electric potential in the ac-
celeration zone of the polar cap has this form.

4 P RO P E RT I E S O F A D M I T T E D
C O N F I G U R AT I O N S

4.1 Admitted current density

The potential drop in the polar cap of the pulsar is limited by the
vacuum potential drop. In our notation, this limit is formulated as
inequality (9). Parameters a, b from the expression for the electric
current (29) enter into the formula for the electric potential (32).
Imposing limitation (9) we obtain the admitted range for these pa-
rameters in the force-free magnetosphere. In Appendix A we carry

out such an analysis and find the region in the plane (a, b) that is
admitted by requirement (9). This region is shown as the grey area
in Fig. A1. From Fig. A1 it is evident that for most of the admitted
values of the parameters a, b the current density has different signs
in different parts of the polar cap. There is also a region where the
values of the parameters correspond to the current density distribu-
tions having the same sign as the GJ charge density in the whole
polar cap.

The physics of the polar-cap cascades imposes additional lim-
itations on the current density and accelerating electric potential
distribution in the polar cap. There is at present no detailed the-
ory of non-stationary polar-cap cascades. In setting constraints on
the current density distribution we should therefore use simple as-
sumptions about the possible current density. There is a preferred
direction for the accelerating electric field in the polar cap. The
direction of this field is such that it accelerates charged particles
having the same sign as the GJ charge density away from the star.
It is natural to assume that the average current in the polar-cap cas-
cade should flow in the same direction. The average current could
flow in the opposite direction only if the accelerating electric field
were screened. In order to screen the accelerating field a sufficient
number of particles of the same sign as the accelerated ones should
come from the magnetosphere and penetrate the accelerating po-
tential drop. These particles, however, are themselves produced in
the polar-cap cascade. They must be reversed somewhere in the
magnetosphere and be accelerated up to an energy comparable with
the energy the primary particles receive in the polar-cap cascade.
Even if the problem of particle acceleration back to the NS could
be solved, screening of the electric field will interrupt the particle
creation, and, hence, there will not be enough particles in the mag-
netosphere to screen the electric field at the next moment of time.
Although the real physics is more complicated and is not yet fully
understood, the case of the unidirectional current in the polar cap is
worthy of detailed investigation, as it is ‘the most natural’ from the
point of view of the polar-cap cascade physics. In the following we
will call current of the same sign as the GJ charge density ‘positive’,
and current of the opposite sign to the GJ charge density ‘negative’.

The linear current density distribution (29) will be always positive
if

b � max(−a, 0). (33)

Only a subset of the admitted values of a, b corresponds to a positive
current density distribution. Such values of the parameters a, b are
inside the triangle-like region shown in Figs 2, 3 and 4. We see that
a wide variety of positive current density distributions are admit-
ted in the force-free magnetosphere: current density distributions
that are constant across the polar cap of the pulsar are admitted,
as are current densities decreasing or increasing towards the polar-
cap boundary. The current density in the force-free magnetosphere
could therefore deviate strongly from the classical Michel current
density, corresponding to the point a = −1, b = 1. The price for
this freedom is the presence of a non-zero accelerating electric po-
tential in the polar cap. If the price for a particular current density
distribution is too high, that is, if the potential drop is too large, only
the magnetosphere of a very old pulsar could admit such a current
density. Let us now consider the distribution of the potential drop
in the parameter space (a, b).

4.2 Electric potential

We have already emphasized that the shape of the function V(ψ)
is very important for the resulting current density distribution.
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Figure 2. Maximum potential drop across the polar cap. The dotted lines
show contours of Vmax: contours for Vmax = 0.05, 0.1, 0.2, 0.3, 0.5,
0.8 are shown, with labels corresponding to the values of Vmax. The line
corresponding to Vmax = 0.05 is not labelled.
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Figure 3. Ratio of the actual current density to the Goldreich–Julian current
density ι(1) at the polar-cap boundary, where the minimum value of this ratio
is achieved (see text). The dotted lines show contours of ι(1), labelled with
the corresponding value of ι(1).
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Figure 4. Spindown rate in terms of the Michel spindown rate. The dotted
lines show contours of w, labelled with the corresponding value of w.

However, as we do not understand in detail the physics of non-
stationary cascades, we cannot judge whether a particular form of
V(ψ) is admitted by the cascade physics or not. On the other hand,
in young pulsars the average potential drop cannot be very large,

because a small fraction of the vacuum potential drop would be suf-
ficient for massive pair creation and screening of the accelerating
electric field. At present, therefore, we can judge the reasonableness
of a particular current density distribution only from the maximum
value of the potential drop it requires. The electric potential given
by equation (32) is known up to the additive constant V0, which is
the value of the accelerating potential at the polar-cap boundary. V0

and thus the actual potential drop in the accelerating zone cannot
be inferred from the physics of the magnetosphere, and is set by
the physics of the polar-cap cascades. The only thing we can say
about the maximum potential drop in the acceleration zone along
field lines is that its absolute value is not smaller than the absolute
value of the maximum potential drop of V(ψ) across the polar cap.

Let us now consider possible values of the maximum potential
drop across the polar cap of the pulsar. If the potential is a monotonic
function of ψ in the polar cap, the maximum potential drop is the
drop between the rotation axis and the polar-cap boundary. If the
potential as a function of ψ has a minimum inside the polar cap,
the maximum potential drop will be either between the axis and the
minimum point, or between the edge and the minimum point. We
analyse this issue in detail in Appendix B. In Fig. 2 the contour
map of the maximum potential drop in the plane (a, b) is shown.
The line given by equation (B1) is the line for which, for fixed a
(or b), the smallest value of the potential drop across the polar cap
is achieved. From this plot it is evident that, even if the potential
drop in the polar cap is moderate, of the order of ∼10 per cent, there
are force-free magnetosphere configurations for which the current
density distribution deviates significantly from the Michel current
density distribution. Thus even for young pulsars there may be some
flexibility in the current density distribution admitted by the force-
free electrodynamics.

Note that force-free magnetospheres impose different constraints
on pulsars in aligned µ · Ω > 0 and anti-aligned µ · Ω < 0 con-
figurations [pulsar and antipulsar in the terminology of Ruderman
& Sutherland (1975)]. For pulsars, the accelerating potential is pos-
itive; that is, it increases from the surface of the NS towards the
force-free zone above the pair-formation front. In the case of an
antipulsar, the potential is negative: it decreases towards the pair-
formation front, because positive charges are accelerated. Equa-
tions for the current density (15), (29) that we used to derive the
equation for the electric potential (30) contain the expression for
the GJ charge density as a factor, and, hence, the resulting expres-
sion for the electric potential is the same for each sign of the GJ
current density. For pulsars, there is thus a minimum in the accel-
erating potential distribution; for antipulsars, the distribution of the
accelerating electric potential has a maximum. Mathematically this
results from different signs of the integration constant V0.

4.3 Angular velocity

The normalized angular velocity of the open magnetic field lines in a
force-free magnetosphere with the linear current density distribution
(29) is given by

β(ψ) = 2b + aψ

2 − ψ
. (34)

For admitted current densities it grows with increasing ψ , because
the first derivative dβ/dψ for the admitted values of a, b is always
non-negative. Thus the angular velocity either increases towards the
polar-cap boundary or remains constant over the cap if a = −b. The
latter case includes the Michel solution. The minimum value of β,

βmin = b, (35)
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is achieved on the rotation axis, where ψ = 0, and the maximum
value,

βmin = 2b + a, (36)

is achieved at the polar-cap boundary, where ψ = 1. Therefore, the
open field lines can rotate more slowly, as well as faster than the
NS, but the lines near the polar-cap boundary cannot rotate more
slowly than the lines near the rotation axis.

4.4 Goldreich–Julian current density

An expression for the GJ current density in the polar cap can be ob-
tained by substitution of the expression (34) for β into equation (20)
for the GJ current density. We obtain

jGJ(ψ) = j0
GJ

4b + aψ(4 − ψ)

(ψ − 2)2
. (37)

For the admitted values of the parameters a, b, the derivative d jGJ/

dψ is always non-negative, and, hence, the GJ current density either
increases towards the polar-cap boundary, or remains constant when
a = −b. The actual current density, however, could decrease or
increase towards the polar-cap edge.

For the charge-separated flow, the deviation of the current density
from the GJ current density generates an accelerating or a deceler-
ating electric field when j < jGJ or j > jGJ, respectively. Although
in non-stationary cascades the particle flow would not be charge-
separated, the ratio of the actual current density to the GJ current
density may give some clues on the cascade states required by a
particular magnetosphere configuration. This ratio is given by

ι(ψ) ≡ j(ψ)

jGJ(ψ)
= (ψ − 2)2(b + aψ)

aψ(4 − ψ) + 4b
. (38)

For each admitted configuration, the current density is equal to the
GJ current density on the rotation axis. For the admitted values of the
parameters a, b the derivative dι/dψ is always negative, and, hence,
the current density in terms of the GJ current density decreases
towards the polar-cap boundary. Therefore, except on the rotation
axis, the current density in the polar cap is always lower than the GJ
current density. The relative deviation of the actual current density
from the GJ current density is maximal at the polar-cap boundary:

ι(1) = a + b

3a + 4b
. (39)

Its maximum value, ιmax = 1/3, occurs when b = 0. Its minimum
value, ιmin = 0, occurs when a = −b, which includes the case of the
Michel current density distribution. The contours of ι(1) are shown
in Fig. 3.

4.5 Spindown rate and the total energy of the electromagnetic
field in the magnetosphere

In our notation, the spindown rate of an aligned rotator is (cf. equa-
tion 60 in Paper I)

W = Wmd

∣∣∣∣
∫ �pc

0

S(�)β(�) d�

∣∣∣∣, (40)

where Wmd is the magnetodipolar energy losses defined as

Wmd = B2
0 R6

NS�
4

4c3
. (41)

Substituting the expression for the poloidal current (12) and using
the normalized flux function ψ we obtain

W = Wmd �2
pc

∫ 1

0

β2(ψ)ψ(2 − ψ) dψ. (42)

The expression for the spindown rate in the Michel solution,

WM = 2

3
�2

pcWmd, (43)

differs from the spindown rate obtained in the numerical simula-
tions of the corotating aligned rotator magnetosphere by a constant
factor. It has, however, a very similar dependence on the size of the
corotating zone x0 (cf. equations 62 and 63 in Paper I). As our solu-
tions are obtained in the split-monopole approximation, they should
differ from the real solution in approximately the same way as the
Michel solution does. Because of this, it would be more appropriate
to normalize the spindown rate to the spindown rate in the Michel
split-monopole solution. By doing this we will be able to study the
effect of differential rotation on the energy losses separately from
the dependence of the spindown rate on the size of the corotating
zone.

For the normalized spindown rate in the considered case of a
linear current density we obtain

w ≡ W

WM
= 4a2(3 log 2 − 2)

+3ab(8 log 2 − 5) + 6b2(2 log 2 − 1). (44)

In Fig. 4 the contour lines of w are shown in the domain of admit-
ted values for the parameters a, b. We see that the spindown rate
can vary significantly, from zero to a value exceeding the Michel
energy losses by a factor of ≈6. It increases with increasing val-
ues of the parameters a, b, and decreases with decreasing values.
This dependence of the spindown rate on the parameters a, b is
caused by an increase or decrease of the total poloidal current in the
magnetosphere, respectively.

The total energy of the magnetosphere can be estimated from
the split-monopole solution. Using the formula (C7) derived in
Appendix C we have for the total energy of the electromagnetic
field

W � Wpol + R − RNS

c
W , (45)

whereWpol is the total energy of the poloidal magnetic field and R is
the radius of the magnetosphere. The first term in our approximation
is the same for all magnetosphere configurations; the difference in
the total energy arises from the second term. Hence, the contours
of constant total energy in the plane (a, b) have the same form
as the contours of the spindown rate W shown in Fig. 4. The total
energy of the magnetosphere increases with increasing values of the
parameters a, b; that is, it increases with increasing poloidal current.

4.6 Example solutions

As examples we consider here the properties of two particular solu-
tions in detail. We chose these solution because either their current
density or their potential drop seems to correspond to ‘natural’ states
of the polar-cap cascades. Although we do not claim that either of
the solutions can be realized as a real pulsar configuration, knowl-
edge of their properties may be helpful in understanding the physical
conditions that the polar-cap cascades should adjust to.

4.6.1 Configurations with constant current density

We first consider the case in which the current density is constant5

over the polar cap; that is, a = 0 and j = b j0
GJ. A constant-density

distribution will be produced by cascades in their ‘natural’ state if

5For this class of solutions we label all physical quantities with the super-
script ‘c’.
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Figure 5. Electric potential in the polar cap of the pulsar as a function of the
normalized flux function ψ for magnetosphere configurations with a constant
current density across the cap. In all cases V0 is set to zero. Numbers near
the lines correspond to the following values of b. 1: b = 0; 2: b = 0.5; 3:
b = bmax/2; 4: b = 1; 5: b = bmax. The line corresponding to the minimum
potential drop across the cap is shown by the thick solid line (line 3).

the current adjustment proceeds locally, without a strong influence
from the current along adjacent field lines. The electric potential in
that case is

V c(ψ) = V0 + 1 − ψ − 2b log(2 − ψ). (46)

This potential has the following properties (see Fig. 5, where V(ψ)
is shown for several values of b, assuming for the sake of simplicity
that V0 = 0):

(i) the admitted values of the current density in the polar cap of
the pulsar are within the interval [0, bmax], where bmax = 1/log 2 �
1.443.

(ii) if 0 � b < bmax/2 � 0.721, the value of the electric potential
at the rotation axis Vc (0) is larger than the value at the polar-cap
edge, Vc (1), i.e. Vc (0) > Vc (1)

(iii) if bmax/2 < b � bmax, the value of the electric potential at the
rotation axis Vc (0) is smaller than the value at the polar-cap edge,
Vc (1), i.e. Vc (0) < Vc (1).

(iv) if 0 � b � 1/2 or 1 � b � bmax, the potential is a monotonic
function of ψ ; if 1/2 < b < bmax, it has a minimum.

(v) At the point b = bmax/2, the maximum potential drop across
the polar cap reaches its minimum value, Vmax = 0.086.

The reason for this behaviour of the potential is easy to understand
from Fig. B1 in Appendix B. The critical points at which V(ψ)
changes its behaviour are the points at which the line a = 0 intersects
the boundaries of the regions I, II, III, and IV.

The angular velocity of the open magnetic field lines is

βc(ψ) = 2b

2 − ψ
. (47)

The distribution of the corresponding angular velocity is shown in
Fig. 6. For b > 1 the angular velocity of rotation of all open magnetic
field lines is greater than the angular velocity of the NS. For b <

1/2 all magnetic field lines rotate more slowly than the NS. For
1/2 < b < 1 some open field lines near the rotation axis rotate more
slowly than the NS, whereas other open field lines rotate faster than
the NS.

The current density distribution in terms of the GJ current density
is

ιc(ψ) = 1

4
(2 − ψ)2, (48)
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Figure 6. Normalized angular velocity of the open magnetic field lines as a
function of the normalized flux function ψ for magnetosphere configurations
with a constant current density across the cap. Labelling of the curves is as
in Fig. 5.
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Figure 7. Current density as a function of the normalized flux function ψ

for magnetosphere configurations with a constant current density across the
cap. Labelling of the curves is as in Fig. 5. The thick grey line shows the
ratio of the actual current density to the GJ current density ι(ψ). For this
case ι(ψ) is the same for all solutions.

which does not depend on the value of the parameter b. The current
density is always sub-Goldreich–Julian, except on the rotation axis,
where it is equal to the GJ current density (see Fig. 7).

The normalized spindown rate for the considered case has a sim-
ple quadratic dependence on the current density:

wc = 6(log 4 − 1)b2. (49)

This dependence is shown in Fig. 8. The energy losses in a config-
uration with a constant current density cannot be higher than ≈4.82
of the energy losses in the corresponding Michel solution.

It is worthwhile to mention the case b = 1 separately, as it is ‘the
most natural’ state for the space charge-limited particle flow, for
which the current density at the surface of the NS is equal to the
corotational GJ current density. In Figs 5, 6 and 7 the lines corre-
sponding to this case are labelled with a ‘3’. The maximum potential
drop for the configuration with the current density distribution equal
to the corotational GJ current density is Vmax = 0.386, and the an-
gular velocity of the open field lines varies from 1 at the rotation
axis to 2 at the polar-cap boundary.

4.6.2 Configurations with the smallest potential drops

For the next example we consider the case in which the maximum
potential drop across the polar cap for a fixed value of either a or b is
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Figure 8. Spindown rate of an aligned rotator normalized to the spindown
rate in the Michel solution for magnetosphere configurations with a constant
current density across the cap as a function of the current density in the polar
cap (parameter b).
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Figure 9. Electric potential in the polar cap of the pulsar as a function of
the normalized flux function ψ for magnetosphere configurations with the
smallest potential drop across the cap. In all cases V0 is set to zero. Numbered
lines correspond to the following values of a. 1: a = −1 (Michel’s solution);
2: a = 0 (solution with a constant current density); 3: a = 1; 4: a = 2; 5:
a = 1/(log 4 − 1).

minimal6. The points corresponding to such values of the parameters
are shown as a thick grey line in Figs 2, 3 and 4. The equation for
this line in the plane (a, b) is derived in Appendix B, equation (B1).
In some sense this is an optimal configuration for the cascade zone,
because for a fixed value of the current density at a given magnetic
field line such a configuration requires the smallest potential drop
for the admitted configurations. The accelerating potential for the
considered class of configurations is

V s(ψ) = V0 − (a + 1)

[
ψ + log(1 − ψ/2)

log 2

]
. (50)

The potential is shown as a function of ψ in Fig. 9 for several
cases, assuming for the sake of simplicity a zero potential drop at
the polar-cap boundary. The potential always has a minimum at the
point

ψ s
min = 2 − 1

log 2
� 0.557; (51)

6For this class of solutions we label all physical quantities with the super-
script ‘s’ (smallest).
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Figure 10. Normalized angular velocity of the open magnetic field lines as a
function of the normalized flux function ψ for magnetosphere configurations
with the smallest potential drop across the cap. Labelling of the curves is as
in Fig. 9.

the position of this minimum does not depend of the values of a, b.
The minimum value of the maximal potential drop across the cap,
min (Vmax) = 0, is achieved at the left end of the grey line, at the
point (a = −1, b = 1) corresponding to the Michel solution. The
maximum potential drop across the gap for this class of configura-
tions, max (Vmax) = 0.309, is achieved at the right end of the grey
line, at the point (a = 1/(log 4 − 1), b = 0).

The angular velocity of the open field lines is

βs(ψ) = a + 1

(2 − ψ) log 2
− a. (52)

The distribution of βs(ψ) is shown in Fig. 10. For values of ψ lower
than ψ s

min, where the minimum value of the potential is achieved,
β is not greater than 1; for larger values, β is not less than 1. As
the maximum potential drop increases, the variation of the angular
velocity across the polar cap becomes larger.

The current density distribution in the considered case has the
form

j s(ψ) = aψ + a(1 − log 4) + 1

log 4
. (53)

This distributions is shown in Fig. 11. All curves pass through the
point ψ̂ = 1 − 1/ log 4, where the current density is j s(ψ̂) =
j0
GJ/ log 4.
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Figure 11. Current density as a function of the normalized flux function ψ

for magnetosphere configurations with the smallest potential drop across the
cap. Labelling of the curves is as in Fig. 9.
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Figure 12. Ratio of the actual current density to the GJ current density ι as a
function of the normalized flux function ψ for magnetosphere configurations
with the smallest potential drop across the cap. Labelling of the curves is as
in Fig. 9.
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Figure 13. Spindown rate of an aligned rotator normalized to the spindown
rate in the Michel solution for magnetosphere configurations with the small-
est potential drop across the cap as a function of the parameter a.

The current density distribution in terms of the Goldreich–Julian
current density is

ιs(ψ) = (ψ − 2)2[(ψ − 1)a log 4 + a + 1]

ψ(4 − ψ)a log 4 + 4a(1 − log 4) + 4
. (54)

It decreases monotonically from 1 at the rotation axis to its minimum
value at the polar-cap boundary (see Fig. 12). This minimum value is
in the range [0, 1/3]; the lower value corresponds to the left end of the
grey curve (the Michel solution), and the upper value corresponds
to the right end of the grey line. The outflow is sub-GJ everywhere
except on the rotation axis.

The normalized spindown rate for the considered case is

ws = 1

2 log2 2
{[2 log2 2 − 3(1 − log 2)]a2

−3(2 − 3 log 2)a − 3(1 − 2 log 2)} . (55)

It is shown as a function of the parameter a in Fig. 13. It can be seen
that for the considered configuration the spindown rate as a function
of the parameter a increases more slowly than the spindown rate for
configurations with a constant current density as a function of b (cf.
Fig. 8). The energy losses cannot be higher than ≈2.13 of the energy
losses in the corresponding Michel solution.

5 D I S C U S S I O N

The main aim of this paper was to study the range of admitted
current density distributions in the force-free magnetosphere of an
aligned rotator. Taking into account that this subject has not previ-
ously been studied in detail, the linear model used in this work is,
in our opinion, an adequate approach to the problem. Knowledge of
the behaviour of the magnetosphere in response to various potential
drops in the polar cap is likely to be very useful for future modelling
of non-stationary polar-cap cascades. This formalism could be used
as a tool for allowing a quick judgement to be made on whether
a particular model of the polar-cap cascades is compatible with a
force-free magnetosphere or not. It may also provide a clue as to
how the magnetosphere would respond to a particular current den-
sity distribution obtained at some step in the course of the numerical
solution. Although the analytical model presented here needs to be
refined in numerical simulations, the presence of some analytical
relationships should be very useful in the numerical modelling of
cascades.

We have considered here a simple case in which the current den-
sity in the polar cap of a pulsar is a linear function of the magnetic
flux. However, the generalization of the model to a more compli-
cated shape of the current density distribution is straightforward.
One should proceed with the steps described at the beginning of
Section 3 for the desired form of the current density distribution.
The resulting equation for the electric potential will be an ordinary
differential equation, and the numerical solution of such an equa-
tion for any given current density will not be a problem.

The conclusion we wish to emphasize from the presented results
is that, even for a fairly moderate potential drop in the acceleration
zone, the current density distribution can deviate significantly from
the ‘canonical’ Michel distribution. We note that even for dipole
geometry the current density distribution is similar to the Michel
distribution if all magnetic field lines corotate with the NS (see
Paper I). In particular, a magnetosphere configuration with a con-
stant current density at the level of 73 per cent of the GJ current
density at the NS surface would require a potential drop in the ac-
celeration zone of the order of 10 per cent of the vacuum potential
drop. For time-dependent cascades this may be realized even for
young pulsars. It should be noted, however, that for young pulsars
a potential drop of the order of 10 per cent of the vacuum drop
could cause overheating of the polar cap by means of the parti-
cles accelerated towards the NS (e.g. Harding & Muslimov 2001;
Harding & Muslimov 2002). In that sense, such a potential drop
may be too large for young pulsars. On the other hand, without
knowledge of the dynamics of non-stationary cascades it is in our
opinion too soon to exclude the possibility of such configurations for
young pulsars, as in a non-stationary regime the heating of the cap
may not be as strong as in stationary cascades (see Levinson et al.
2005).

We used a split-monopole approximation for the poloidal current
density distribution in the magnetosphere, which produces accurate
results only for configurations with a very small corotating zone,
when the size of the zone is much less than the size of the light
cylinder x0 � 1/β(�pc) (see Fig. 1). For the (most interesting) case
for which these sizes are comparable, the results obtained in this
work can be considered only as a zero approximation to the real
problem. We note here an important modification introduced by
the dipole geometry of the magnetic field. For the dipole geometry
there will be some magnetic field lines that bend to the equatorial
plane at the light cylinder. For these field lines the second term on
the right-hand side of equation (4) [which in cylindrical coordinates
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(� ,φ, z) is 2β∂� �] will be negative, and in order to obtain a positive
current density along these lines a steeper dependence of β on ψ

is necessary. As a result, the potential drop in the dipole geometry
will be higher than that obtained in our approximation. Figuratively
speaking, in our model we could correct only for the decrease of
the electric current density towards the polar-cap boundary present
in the Michel solution, but not for the negative current density near
the edge of the polar cap that is present in the dipole geometry for
configurations with x0 > 0.6. On the other hand, if β(�pc) > 1,
the size of the corotating zone can be smaller as well as greater7

than the light-cylinder radius at the last open field line. In the latter
case there should be fewer magnetic field lines that bend towards
the equatorial plane than in the first case, cf. Fig. 1 cases I and II.
Hence, the correction introduced by the dipolar field geometry for
some subset of our solutions will be non-monotonic as the size of
the corotating zone x0 increases. There is therefore still a possibility
that a moderate potential drop could allow a large variety of current
densities, although this issue needs careful investigation.

In this paper we have ignored the electrodynamics of the polar-
cap zone. Although without a theory of time-dependent cascades
we cannot put more limitations on the electric potential than the
limitation we used in Section 2.2, there is an additional limitation
arising from the basic electrodynamics, namely that the accelerating
potential near a conducting wall, which the current sheet at the polar-
cap edge is believed to be, should approach zero. We could, however,
speculate that there is a thin non-force-free zone at the edge of the
polar cap where the adjustment of the potential occurs. In other
words, the return current may flow only in a part of the non-force-
free zone. Because of this, that limitation would not place strong
restrictions on our solution.

Finally, we would like to discuss briefly the issue of the pulsar
braking index. If the inner pulsar magnetosphere is force-free, the
spindown rate of an aligned pulsar as a function of the angular
velocity will deviate from the power law W ∝ �4 if the size of the
corotating zone and/or the distribution β(ψ) change with time. The
assumption that these ‘parameters’ are time-dependent seems to us
to be natural, because with the ageing of the pulsar the conditions in
the polar-cap cascade zone change and the magnetosphere should
adjust to these new conditions. In the framework of our model we
could make some simple estimations of how the braking index of
the pulsar is affected by the changes of these two ‘parameters’.

As an example we consider the case for which the pulsar mag-
netosphere evolves through a set of configurations with a constant
current density. The spindown rate for such configurations is

W ∝ �4�2
pcb

2 ∼ �4x−2
0 b2, (56)

where we estimate �pc assuming a dipole field in the corotation
zone. If b and/or x0 are functions of time, the spindown rate will
be different from the spindown of a dipole in a vacuum. If at some
moment the dependence of the size of the corotating zone and the
current density on � could be approximated as x0 ∝ �ξ and b ∝
�ζ , respectively, the braking index of the pulsar measured at that
time would be

n = 3 − 2ξ + 2ζ. (57)

It can be seen that the deviation of the braking index from the ‘canon-
ical’ value, being equal to 3, would be by a factor of two larger than

7For the closed magnetic field lines the angular velocity is �, and they are
still inside their light cylinder; the adjustment of the angular velocity occurs
in the current sheet, which is a non-force-free domain.

the dependence of b and x0 on �. The braking index could be smaller
as well as larger than 3, depending on the sign of the expression
ζ − ξ . For instance, if in an old pulsar the potential drop increases
and, as a consequence, the current density decreases, ζ is positive,
and the braking index could be greater than 3. We note that there
is evidence for such values of the braking index for old pulsars
(Arzoumanian, Chernoff & Cordes 2002). On the other hand, if x0

decreases with time, as was proposed in Paper I for young pulsars,
the braking index would be less than 3. However, even for an aligned
rotator a more complicated dependence of the braking index on the
pulsar age may be possible. In reality, the evolution of the pulsar
magnetosphere will be more complicated, and a steeper as well as a
more gradual dependence of the braking index on the current density
will be possible. This will result in a wide range of possible values
of the pulsar braking index.
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Figure A1. Values of the parameters a and b admitted by the requirement
that the maximum potential drop across the polar cap is less than the vacuum
potential drop. The dotted lines 1 and 1′ show the boundary of the region
where the potential has an extremum in the polar cap. Line 2 corresponds
to V10 = 1, and line 2′ corresponds to V10 =−1. Line 3 corresponds to
|V1e| = 1, and line 4 corresponds to |V0e| = 1. Line 2′ corresponds to
b = −a. The resulting admitted region is shown in grey. See text for further
explanations.

A P P E N D I X A : A D M I T T E D C U R R E N T
D E N S I T Y

The second derivative of V(ψ) with respect to ψ is

V ′′(ψ) = 2
a + b

(2 − ψ)2
. (A1)

For fixed a and b, the second derivative never changes sign, and
hence V(ψ) has a single extremum. If a + b > 0, V(ψ) has a single
minimum; in the plane (a, b) shown in Fig. A1 these points lie to
the right of line 5. If a + b < 0, V(ψ) has a single maximum, and
such points lie to the left of line 5 in Fig. A1. The potential reaches
its extremum value at the point

ψex = 2
1 − b

a + 1
. (A2)

This point lies in the interval [0, 1] if

1 � b � 1 − a

2
, for a > −1;

1 � b � 1 − a

2
, for a < −1.

(A3)

In Fig. A1, points at which these conditions are satisfied lie between
the lines 1 and 1′, in the region where the angle between the lines is
acute. Line 1 corresponds to values of a, b for which the extremum
of the potential is reached at the polar-cap boundary. Line 1′ corre-
sponds to values of a, b for which the extremum of the potential is
reached at the rotation axis.

If ψ ex is outside the interval [0, 1], V(ψ) is a monotonic function
of ψ in the polar cap of the pulsar, and the maximum potential
drop is the potential drop between the edge of the polar cap and the
rotation axis. In this case, condition (9) takes the form

|V10| � 1, (A4)

where V10 ≡ V(1) − V(0) is the potential drop between the bound-
ary of the polar cap and the rotation axis. In terms of the parameters
a, b it can be written as

a
1 − log 4

log 4
� b � 1

log 2
+ a

1 − log 4

log 4
. (A5)

In Fig. A1 points satisfying this condition lie between lines 2 and
2′. In the region where the angle between lines 1 and 1′ is ob-
tuse (here the point ψ ex is outside the interval [0, 1]), the lines 2
and 2′ set the boundaries for admitted values of the parameters a
and b.

If the electric potential reaches its extremum value inside the
polar cap, the maximum potential drop is achieved either between
the extremum point and the edge of the polar cap, or between the
extremum point and the rotation axis. In this case, condition (9)
takes the form

max(|V0e|, |V1e|) � 1, (A6)

where V0e ≡ V(0) − V(ψ ex) is the potential drop between the
rotation axis and the point ψ ex, and V1e ≡ V(1) − V(ψ ex) is
the potential drop between the polar-cap boundary and the point
ψ ex. The expression for the extremum value of V is non-linear with
respect to a, b:

V (ψex) = V0 − 1 + a + 2b − 2(a + b) log

[
2(a + b)

1 + a

]
, (A7)

and condition (A6) in terms of a, b should be evaluated numerically.
For a fixed a, the derivatives of V0e and V1e with respect to b are

d V0e

d b
= 2 log

(
a + b

1 + a

)
, (A8)

d V1e

d b
= 2 log

(
a + b

1 + a

)
+ log 4. (A9)

If ψ ex ∈ [0, 1], condition (A3) is fulfilled, d V1e/d b is positive and
d V0e/d b is negative. So, for a fixed a when ψ ex ∈ [0, 1], V0e

decreases and V1e increases with increasing b.
In Fig. A1, line 3 represents points for which |V1e| = 1, and

line 4 represents points for which |V0e| = 1. To the right of line
5, V(ψ) has a minimum, and the lines 3 and 4 represent points for
which V1e = 1 and V0e = 1, respectively. To the left of line
5, V(ψ) has a maximum, and here the lines 3 and 4 correspond to
V1e = −1 and V0e = −1. Line 4 always lies outside the re-
gion between lines 1 and 1′, and, hence, the absolute value of the
potential drop between the extremum point and the rotation axis
|V0e| never achieves the vacuum potential drop when the ex-
tremum point is inside the interval (0, 1).

V1e increases with increasing b. So, below curve 3 to the right
of line 5, and above curve 3 to the left of line 5, |V1e| is less than
1. Hence, when ψ ex ∈ [0, 1] (a, b are in the region between lines
1 and 1′), the admitted values of a and b are limited by the lines
3 and 2′ to the left of line 5, and by lines 2 and 3 to the right of
line 5.

Combining all the discussed restrictions we obtain the region of
admitted values of the parameters a and b, shown as the grey area
in Fig. A1 .

A P P E N D I X B : T H E M A X I M U M P OT E N T I A L
D RO P AC RO S S T H E P O L A R C A P

In Fig. B1 the dotted lines 1 and 1′ limit the region8 in the parameter
space (a, b) where the potential in the polar cap is a non-monotonic
function of ψ , and it has a minimum at some point ψ ex ∈ (0, 1)
(see Appendix A). In the regions III and IV the potential V(ψ) is a
monotonic function of ψ .

8Regions I and II together.

C© 2007 The Author. Journal compilation C© 2007 RAS, MNRAS 379, 605–618



618 A. N. Timokhin

-2 -1 0 1 2 3 4
a

0

0.5

1

1.5

2

b

1

1’

I

IIIV

III

Figure B1. Region of admitted values of the parameters a and b correspond-
ing to current densities of the same sign as the Goldreich–Julian current
density. The dotted line 1 shows points for which V1e = 0; line 1′, points
for which V0e = 0. The thick grey line shows points for which |V0e| =
|V1e |. In region I, Vmax = V1e; in region II, Vmax = V0e; and in
regions II and IV, Vmax = |V10|. See text for further explanations.

The potential drop V0e ≡ V(0) − V(ψ ex) between the rotation
axis and the point ψ ex where V(ψ) achieves its minimum value for a
fixed a decreases with increasing b. For a, b on line 1′, ψ ex is on the
rotation axis, and V0e = 0 there. The potential drop V1e ≡ V(1)
− V(ψ ex) between the polar-cap boundary and the point ψ ex for a
fixed a increases with increasing b. For a, b on line 1, ψ ex is at the
polar-cap boundary and V1e = 0. Therefore, V0e increases in the
direction from line 1′ to line 1, and V1e increases in the direction
from line 1 to line 1′.

Along some line between lines 1′ and 1 the potential drops
V0e and V1e become equal. This means that the potential drop
V10 ≡ V(1) − V(0) between the polar-cap edge and the rotation
axis is zero there. The equation for this line is easily obtained from
the requirement V10 = 0:

b = 1

log 4
+ a

1 − log 4

log 4
. (B1)

This line is shown in Fig. B1 as the thick grey line. Above the grey
line V1e > V0e, and below it V1e < V0e. Hence, the line
given by equation (B1) is the line for which the maximum potential
drop across the polar cap achieves its minimum value for fixed
a or b.

Taking all this into account we conclude that the maximum po-
tential drop across the polar cap Vmax is equal to the following
potential drops: in region I, to V1e; in region II, to V0e; and in
regions III and IV, to |V0e|.

A P P E N D I X C : E N E R G Y O F T H E
E L E C T RO M AG N E T I C F I E L D I N T H E
S P L I T- M O N O P O L E C O N F I G U R AT I O N

The energy density of the electromagnetic field in the magneto-
sphere is

w = 1

8π

(
E2 + B2

pol + B2
φ

)
. (C1)

For the split-monopole solution, when � = �pc(1 − cos θ ), the
non-zero components of the electric and magnetic fields are

Eθ = − µ

R3
LC

�pcβ
sin θ

r
, (C2)

Br = µ

R3
LC

�pc

r 2
, (C3)

Bφ = − µ

R3
LC

�pcβ
sin θ

r
. (C4)

The electric field is therefore equal to the toroidal magnetic field:
Eθ = Bφ . The total energy of the magnetosphere is then

W = 1

8π

∫ (
B2

r + 2E2
θ

)
dV . (C5)

On the other hand, the energy losses are

W =
∫

4π

c
[E × B]r

4π
d�̃ =

∫
4π

c
E2

θ

4π
d�̃, (C6)

where �̃ is a solid angle. Using equations (C6) and (C3) we can
rewrite expression (C5) for the total energy of the electromagnetic
field as

W = Wmd

c
�2

pc R2
LC

2

(
1

RNS
− 1

R

)
+ W

c
(R − RNS),

(C7)

where R is the size of the magnetosphere, i.e. the distance up to which
its dynamics is determined by the central object. Wmd represents
the magnetodipolar energy losses, given by equation (41). The first
term represents the total energy of the poloidal magnetic field and
is the same for all configurations with different potential drops. The
second term, being the sum of the energies of the electric field and
the toroidal component of the magnetic field, is different for different
values of the accelerating potential. It is directly proportional to the
energy losses in a particular configuration.
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